
 

7 KZ equation and representations of
braid groups

Recalli
Braid group B n on n strands has generators
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satisfying the relations
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want to relate this braid group to

Confnic E Hii
where Hij denotes the hyperplane zi Zo

in E Note that symmetric group Sn acts



on Confnic by permutation of coordinates

Then we have Bu IT Yu where
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we have the exact sequence
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R is also called pure braid group
we consider logarithmic differential 1 forms

wij dlogfzi H dzzii d.fi it j

defined on Confucci They satisfy
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called Arnold relations generators of
cohomology ring H Confucid 2

Yet E be a trivial vector bundle our conf
with fiber V V Vi

Home V Vs K E

Regard w as a 1form on Confuce with

values in End V V Vi Define
connection on E by f d w

flat since dw we w O

horizontal sections are solutions

of KZ eq 0 E o

Holonomy
Let y be a loop in Conflict with base
point x Then system of solutions E
transforms along y as

et Ion 0g m dimYx xdink

by a matrix ofg only depending on the

homotopy class of y since 0 is flat



connection
0 R GL V ox Vi

with parameter K monodromy representation

of KZ equation We have
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Thus we have arrived at the following
Proposition 1

For any complex semisimple Lie algebra

oy and its representations pjig EndChi

le j en the holonomy of the KZ

connection 0 gives linear representation

of the pure braid group with a

parameter K In the case V Ve k V

the symmetric group Su acts diagonally
on the total space Confu x Va where

action of Su on 9 is given by
d o v on 4 Ora Orca

for 4 CCV n Jesu and g E Vj Is jen



V descends to a connection on

quotient space F Confide xq v F
with holonomy given by braid group

G Bu GLAU
Let us return to the situation ofthespace
of conformal blocks for the Riemann spher

for g shld at level k see 4

Take four distinct points on EP pump
and peas Fix a global coordinate
function z and set 2Cpj 2j j't 2,3
Consider now the space of conformal blocks
H pi pups pain az 1,9

Hong Va Va Va KE E
see Lemma in 4

conformal block bundle E over Couffe
admits feat KZ connection 0 with
K K t 2

introduce coordinates 3 3 z JEE z



and perform coordinate transformation
442 s Uz

or u Z Zz us Zz Zi

w d du N dull tNMdytw f

see Prop 5,86
where w is hot I form around 4 42 0

We have
Cal Resa ow f N 27

b Resuro w R N past

Basis of conformal blocks is given by
labelled trees

denoted by pa

recall and 4o fkt2g 4 CAFE

Ca and b are simultaneously
diagonalized for the basis pa with

eigenvalues da Aa Ariz



and day da In respectively
Proposition 2

A basis of the space of horizontal sections
of the conformal block bundle E is written

around U _42 0 as

u Ix Ha Are Usda Aa Ar h.nfu.is pm

for any A such that each triple Gaza
and r ta 74 satisfies the quantum

Clebsch Gordan condition at levee K

Here u us is a single valued hot

function around 4 42 0

Proofi
Consider vertex operators

VI a S Ha Ha HI

VII Ss Ha Ha try
The composition VII 42a 3 idea
defined in the region 154215,1 so is



written as

a da Da Ah uzA4 IA shake us p
since a horizontal section of E satisfies
the KZ equation 026 d w 4o o

It follows from the form of w given in
C that hate us is holomorphic
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